ABSTRACT Analog network coding (ANC) is a promising technique of improving the throughput of relaying, especially when combined with both rate-and power-adaptation in the context of amplify-andforward two-way relaying (AF-TWR). In particular, the adaptation is employed both during the multiple access stage, when a pair of terminals transmit simultaneously to a relay, and during the broadcast stage, where the relay transmits to both terminals. Based on our bit-error-rate (BER) bounds, we formulate the explicit relationship amongst the data rates, transmit powers, and BERs. Then, we conceive a rate-and poweradaptation scheme, operating both under specific average power constraints and BER constraints both at the relay node and at the two terminals. We observe that the transmit power of nodes does affect the data rate and hence using a fixed transmit power is not always optimal. We then derive a closed-form solution for continuous-rate ANC aided quadrature amplitude modulation/phase shift keying (ANC-QAM/PSK) using the classic Karush-Kuhn-Tucker method and conceive discrete-rate ANC-QAM/PSK regimes for practical wireless systems. The performance of the proposed scheme is evaluated through extensive simulations. Our performance results confirm that the proposed ANC-QAM/PSK outperforms its counterpart operating without power adaptation in a broad range of scenarios.
Notations
h 1 , h 2 , g 1 , g 2 channel gains M 1 (g 1 , g 2 ) , M 2 (g 1 , g 2 ) constellation size for SN1→ RN→DN2 and SN2→RN→ DN1 links
constellation size with discrete value P 1 (g 1 , g 2 ) , P 2 (g 1 , g 2 ) continuous transmit powers at SN1 and SN2 P r (g 1 , g 2 ) continuous transmit powers at RN P 1ij , P 2ij , P sij transmit powers at SN1 and SN2 with discrete value P rij transmit powers at RN with discrete value N 1 , N 2 Numbers of region partitioning P b1 , P b2 BER constraints p (g i ) , i = 1, 2 distributions of g i γ i (g 1 , g 2 ) , i = 1, 2 the received SNRs at DN1 and DN2 P 1 ,P 2 ,P r average transmit power c 1 , c 2 , c 3 , c 4 constants related to specific modulation mode of MQAM/MPSK α amplification factor
I. INTRODUCTION
Network coding (NC) has attracted substantial attention since its conception in 2000 [1] , as a benefit of its potential in cooperative relaying relying either on two-way or multiway traffic flows. Following Shannon [2] , a variety of NC investigations of bidirectional relaying have emerged [3] - [7] . Wu et al. [3] and Xie [4] applied NC to two-way and multiway relaying. A cross-layer design relying on both joint interference cancellation and NC in multi-hop wireless networks was studied in [5] . Symbol-level NC was investigated in [6] , which is capable of improving the relay's throughput using hierarchical modulation. The nature of NC is particularly beneficial in Two-way relaying (TWR), which is also known as bi-directional relaying and it is applicable both to amplify-and-forward (AF) and to decode-and-forward (DF) techniques. DF-TWR relies on two stages: namely on the Multiple access (MA) stage, where a pair of terminals separately transmit to the relay node (RN) in two time-slots, and on the Broadcast (BC) stage, where the RN broadcasts its signal to both terminals. The combination NC with a DF-TWR scenario was studied in [7] , where the Networkcoded Modulation (NCM) concept was introduced. Additionally, Chen et al. [7] proposed an NC oriented maximum ratio combining (MRC) technique for improving both the throughput as well as the achievable spatial diversity gain at a low complexity. TWR may also be combined with AF techniques, termed as AF-TWR. An example topology of ANC aided for AF-TWR is shown in Fig. 1 in terms of the SN1→RN→DN2 and SN2→RN→DN1 flows. Goldsmith et al. characterized the behavior of ANC in the high-SNR regime in [8] .
1961 · · · · · ·• Shannon [2] proposes two-way communications channels.
· · · · · ·•
Torrance and Hanzo [9] introduce adaptive modulation in slow Rayleigh fading.
Goldsmith and Varaiya [12] present fading channels' capacity with CSI. Goldsmith et al. [14] introduce variable-rate, variable-power QAM for fading channels.
2000 · · · · · ·• Li, Yeung and Cai et al. [1] propose Network Coding.
Chung et al. [13] present degrees of freedom in Adaptive Modulation.
2003 · · · · · ·• Choi and Hanzo [10] investigate constant-power multicarrier AM.
Hanzo [11] extends adaptive coding to QAM for OFDM, CDMA and MC-CDMA system.
Wu et al. [3] combine NC with physical-layer broadcast.
Chen et al. [5] conceive cross layer method for interference cancellation and NC in wireless networks.
2007 · · · · · ·• Xie [4] investigates NC for multi-user channels.
Kim et al. [6] introduce symbol-level network coded cooperation for relaying network.
Hanzo et al. [17] , [18] studies resource allocation for relaying systems. Goldsmith et al. [8] investigate Analog network coding (ANC) in high-SNR regime.
2011 · · · · · ·• Wang et al. [19] propose rate and power adaptation for ANC.
Chen et al. [7] conceive Network-coded Modulation (NCM) for DF-TWR.
Yang, Chen and Hanzo [15] extend AM to variable-rate, variable-power NCM for DF-TWR.
Wang et al. [20] combined QAM with rate and power adaptive ANC.
In wireless networks the channel conditions fluctuate, hence it is necessary to adaptively control the data rates, transmit power, coding rate etc. to match the prevalent channel conditions. Much attention has been devoted to adaptive modulation (AM) [9] - [14] . Hanzo et al. in [9] and [10] separately investigated constant-power and variable-power AM schemes, while coded OFDM was investigated in [11] . Goldsmith et al. investigated the capacity of fading channels in [12] , the degrees of freedom in [13] as well as variable-rate and variable-power MQAM in [14] . Adaptive modulation combined with NC is also promising. Inspired by Chen et al. [7] , who proposed NCM for bi-directional relaying, we investigated joint rate-and power-adaptive NC-QAM/PSK in the downlink of DF-TWR [15] , for the sake of maximising the throughput of DF-TWR under flatfading channels, while meeting specific BER and average power constraints. In [15] we focused our attention on the downlink of DF-TWR, which motivated us to investigate both the uplink and downlink stages, in an AM-aided AF-TWR scenario.
Adaptive techniques relying on ANC were investigated in [17] - [20] . Specifically, spatial spectrum-and energy-efficiency models were proposed for Poisson-Voronoi tessellation based random cellular networks in [16] , while sophisticated resource allocation was designed for AF relaying in [17] and [18] . The effects of a maximum transmit power constraint on the BER were studied in [19] . The location of the nodes and the impact of their maximum power constraints was studied in [20] . Specifically, the rate and power adaptation regime of [19] imposed the constraints of 0 ≤ P 1 , P 2 , P r ≤ P max , where the optimization objective was to minimize the outage probability. However, the research of Wang et al. [19] did not adopt the classical rate-and poweradaptation scheme of [14] . Instead, the power adaptation of [19] was designed for reducing the network coding noise, whereas the classic adaptation scheme of Goldsmith and Chua [14] was conceived for combating the effects of fading, whilst improving the spectral efficiency. The aforementioned discussion inspired us to investigate the adaptation regime of [14] relying on ANC used for the AF-TWR regime of Fig. 1 . To the best of our knowledge, joint rate-and poweradaptation aided ANC-QAM/PSK subjected to both average power and BER constraints has not been investigated in the open literature.
To elaborate a little further, in the peer-to-peer scenario of [14] , a single transmit power determining a single transmit rate was considered, but instead of a single link, in our AF-TWR scenario, three transmit powers and a pair of transmit rates are considered, which is significantly more challenging. We first formulate the data flow and our system model. Then, based on our system model, we conceive the proposed joint rate-and power-adaptation scheme subject to our BER and average power constraints. Under these constraints, we analyze three adaptive schemes, namely a 'fixed-power variable-rate ANC-QAM/PSK scheme', a 'variable-relay-power variable-rate scheme' and a 'variablesource-power variable-rate scheme'. Furthermore, both continuous rate and discrete rate schemes are developed.
The main contributions of this paper are summarized as follows:
• We propose rate-and power-adaptive ANC schemes for three powers and a pair of transmit rates;
• We derive closed-form solutions for a continuous-rate scheme and then present well-designed discrete-rate adaptation rules for ANC-QAM/PSK designed for practical applications;
• We evaluate the performance of the proposed scheme through extensive simulations and show that the proposed joint rate-and power-adaptation scheme outperforms ANC dispensing with power adaptation. The remainder of this paper is organized as follows. In Section II, we review the family of bidirectional relaying systems using a two-stage AF protocol and formulate our optimization problem. In Section III, we discuss variable-rate ANC and propose compelling solutions, followed by a range of practical considerations in Section IV. In Section V, we present our numerical results and we conclude in Section VI.
II. SYSTEM MODEL AND PROBLEM FORMULATION A. SYSTEM MODEL AND ADAPTIVE DESIGN
Consider the AF-TWR network associated with two timeslots, as shown in Fig. 1 , where a pair of users want to exchange their information with the aid of relaying during two timeslots. In the first timeslot, the source nodes SN1 and SN2 simultaneously send their packets to the relay node (RN). In the second timeslot, the RN amplifies the pair of superposed signals that were received during the first timeslot and broadcasts the signal to the destination nodes 1 DN1 and DN2. Then, DN1 and DN2 demodulate the packet by subtracting their own signal from the received superposed signal and obtain the packet intended for them.
For time-varying fading channels, the specific powerand rate-adaptation policy depends on the channel conditions. Therefore we conceive the channel model of adaptive AF-TWR as seen in Fig. 2 . In the following discussions, z n denotes the additive white Gaussian noise (AWGN) with variance σ 2 n , while h 1r , h 2r (correspond to g 1r , g 2r ) are the channel gains of the SN1→RN and SN2→RN links, and h r1 , h r2 (correspond to g r1 , g r2 ) are the channel gains of the RN→SN1 and RN→SN2. Finally, P i denotes the transmit power of SN1 and SN2, while P r denotes the transmit power of the RN.
B. ASSUMPTIONS
We will adopt the following assumptions in this paper:
1) It is assumed that the pair of channels are non-dispersive flat-fading channels, therefore the instantaneous SNRs are assumed to remain constant over a sufficiently long period of time to guarantee that the channel conditions can be estimated and fed back to the SNs and RN. Then the adaptive techniques advocated will perform effectively.
In the above-mentioned slow-varying flat-fading channels, the channel gains remain the same in the first and second timeslots. Hence we can assume h 1r = h r1 and h 2r = h r2 . For convenience, we denote the channel gains as h 1 and h 2 .
2) We assume that all the processing at the RN is carried out instantaneously without any delay. Then the RN can amplify and forward the signal it receives without any delay.
3) It is assumed that perfect channel state information (CSI) is available both at the RN as well as at DN1 and DN2. This assumption may be satisfied by using trainingbased channel estimation. Additionally, the idealized simplifying assumption that the feedback path does not introduce any errors and has no latency may also be approximately satisfied by invoking a low-delay feedback link and powerful error control techniques.
C. DATA FLOW AND CHANNEL CAPACITY
Next we analyze the data flow of the system. In the first timeslot, the superposed signal received at RN is
where x i , i = 1, 2 denotes the signals, while z nr is the AWGN. In the second timeslot, the RN amplifies and forwards the superposed signal that was received in the first timeslot.
The amplification factor is defined as
Then the signals that are received at the DN1 and DN2 become:
and
where z n1 and z n2 are independent of each other. Then DN1 and DN2 recover their intended messages by subtracting the remodulated message of their own, therefore we have:
Based on Shannon's capacity formula, we may express the attainable data rates as
and Let g i = |h i | 2 , i = 1, 2 and σ 2 n = σ 2 , while p(g i ), i = 1, 2 denote the probability distribution of g i . Then the channel capacity of AF-TWR with ANC may be formulated as seen in Eq. (9), as shown at the bottom of this page, where the coefficient of 0.5 is due to the relay's requirement of two timeslots. The classic variable-rate QAM scheme of [14] and [21] will be detailed next.
D. COMBINED WITH PRACTICAL MODULATION
Based on the channel capacity of Eq. (9), let us now discuss some practical issues that are closely related to the adaptive ANC scheme, namely the BER constraints, coding rate and power constraints that are critical for improving the spectral efficiency. We use the BER bounds of [14] (also refer to [21, Ch. 9.4.1]) to formulate the relationship of the BER constraints, rate (constellation size) and power.
1) BER CONSTRAINTS
Let the receiver side Signal Noise Ratio (SNR) be denoted by γ 1 and γ 2 , while the BER constraints by P b1 and P b2 . Then we formulate the pair of BER constraints as
where c i , i = 1, 2, 3, 4 are constants related to the specific modulation mode (M -ary QAM/PSK as in Table 1 ) and
Note that these expressions are only bounds which could be obtained by appropriate curve fitting towards theoretical BER. We use these bounds since they are easy to invert [21] , so we can obtain M i , i = 1, 2 as a function of the target P bi and the power adaptation policy, as we will see shortly.
, P 2 (g 1 , g 2 ) and P r (g 1 , g 2 ) vary in harmony with the channel gains g 1 and g 2 . Based on the inverse function of Eq. (10) we may rewrite the BER bounds into the following form:
where K i , i = 1, 2 are related to the BER constraints P bi , i = 1, 2, which are given by
From Eqs. (7) and (8) we obtain the received SNRs at DN1 and DN2
2) AVERAGE POWER CONSTRAINTS
In contrast to the maximum power constraint of [20] , we intend to investigate the power-allocation strategy under a specific average power constraint. For time-varying fading channels, we denote the probability distributions of the channel gain by p(g 1 ), p(g 2 ). The transmit powers vary with the channel gains g 1 and g 2 , therefore yielding P 1 (g 1 , g 2 ), P 2 (g 1 , g 2 ) and P r (g 1 , g 2 ). By enforcing the average power constraints we arrive at:
where D is the region of integration.
3) FADING CHANNELS
In this paper we will focus our attention on Nakagami-m fading channels, with the PDF of channel gains g i , i = 1, 2 given by
whereḡ i , i = 1, 2 denotes the average channel gains. This distribution conveniently includes the Rayleigh channel as a special case of m = 1. Additionally, the Ricean distribution
can be closely approximated by using the following relationship between the Rice factor ξ and the Nakagami shape factor m by
Specifically, in the simulations of Section V, we mainly consider Rayleigh fading channels.
III. ADAPTIVE MODULATION COMBINED WITH ANALOG NETWORK CODING A. PROBLEM FORMULATION
Relying on the classic adaptive modulation of [14] (Eqs. (20) and (27)), adaptive NCM of [15] (Eq. (16)) and on the constraints discussed in the previous section, we next formulate the optimization problem considered. It is found that the transmit powers P r , P 1 and P 2 of the RN and SN affect the SNR values, thereby directly affecting the data rate (bandwidth efficiency). Let the bandwidth be B, then our optimization problem becomes that of maximising the spectral efficiency of
subject to:
Observe that similar to the adaptive modulation technique of [14] and [15] , we first analyse the continuous-rate adaptation in Section III. Then we will provide a continuous-ratediscretization scheme for the constellations associated with {2, 4, 8, 16, . . .}. It can be observed from Eqs. (17) and (18) that this problem is a non-linear problem of multiple variables and it is subject to multiple constraints, which cannot be solved by the traditional technique of [14] .
We will first study the constant-RN-SN-power scheme (P r , P 1 and P 2 ) in Subsection III C, then provide solutions for the variable-RN-power (the optimization variable is P r ) and variable-SN-power (the optimization variables are P 1 and P 2 ) schemes in Subsection III D. Finally, we propose a variable-RN-SN-power (the optimization variables areP r , P 1 and P 2 ) scheme in Subsection III E. Before we investigate the solutions, let us first investigate the potential gains, when we allow the transmit power to become variable.
B. CAN WE OBTAIN GAINS?
Let us now consider, whether it is possible to obtain gains, if we adopt a variable power instead of constant power. Goldsmith and Varaiya [12] discussed both the optimal adaptation (Eq. (4) of [12] ) and the fixed-power scenario ([12, eq. (8)]). They demonstrated that having a variable power achieves a modest but non-negligible gain, especially in the low-SNR range. In our previous work [15] , it has been proved that variable-power NCM could obtain gains in DF-TWR scenario. Thus here we will extend these investigations to our AF-TWR scenario. For convenience, we will rewrite [12, eqs. (4) and (8)], and letḡ i = 1.
The optimization problem is then formulated as
where B is the bandwidth, g = |h| 2 denotes the channel gain, with its distribution being p (g). The capacity of the fading channel at a constant power P is given by
We plot Eqs. (19) and (20) in Fig. 3 , where we adopt the Rayleigh fading distribution of
where we letḡ = 1. As a comparison, we also plot the AWGN channel capacity. Observe in Fig. 3 that for SNRs below 10 dB the variable-power regime outperforms the fixedpower scheme, but the gains decrease upon increasing the average transmit power. This is because the joint power and rate adaptation is essentially a water-filling power allocation, thus the influence of power adaptation on the total throughput becomes negligible at high average transmit power levels. Similar trends prevail both in the point-to-point communication and DF-TWR scenario of [15] , as well as for AF-TWR. Next we discuss fixed-power AF-TWR in conjunction with an ANC scheme. Let us stipulate that P 1 = P 2 = P r = P, and vary P from 1 mW to 1000 mW. The resultant channel capacity of Eq. (9) is plotted in Fig. 3 .
C. CONSTANT-POWER, VARIABLE-RATE ANC
Based on the optimization problem formulated in Eqs. (17) and (18) of Subsections III A and B, we next investigate a constant-power, variable-rate ANC scheme. Let us reflect on Eq. (18), which contains five variables, namely
which are a function of the channel conditions g 1 and g 2 . This is a high-dimensional multi-variable optimization problem, which is rather difficult to solve with the aid of conventional mathematical methods, hence we cannot readily find the optimal P 1 , P 2 , P r , M 1 and M 2 , given our constraints. However, if not all are time-variant, we are likely to be able to solve the problem, as detailed next. Let us first consider a fixed-power scheme, where we have
We determine the constellation size associated with each pair of the receiver SNRs γ 1 and γ 2 by discretizing the range of SNR levels. Specifically, we divide the range of γ 1 into N 1 fading regions and γ 2 into N 2 regions, for the pair of links using the constellations M 1,i and M 2,j . Then, for convenience we may rewrite the constraints as
In this problem, there are only two variables, namely M 1,i and M 2,j , which have discrete values in practical engineering. Let
Once the SNR regions and the associated constellations have been fixed, we may obtain the ergodic capacity. By satisfying Eqs. (11) and (13), we can satisfy the target BER, provided that we satisfy the constellation constraints
By scrutinizing Eqs. (22) and (23) we find that the integral area of Eq. (23) is constituted by the set of hyperbolic regions, seen in Fig. 4 . Then the achievable rate can be formulated as
where D ij is the integration area given by Eq. (23). By carrying out the integration in Eq. (24) we obtain the normalized throughput of the constant-power, discrete-rate ANC scheme.
D. VARIABLE-POWER, VARIABLE-RATE ANC-QAM/PSK
Let us now optimize the variable-power, variable-rate adaptation scheme subject to the average power and target BER described in Eqs. (11) and (14) . For each pair of g 1 and g 2 , we have to decide, which constellation to activate and what the associated transmit powers should be. By observing Eqs. (17) and (18) we find that there are too many variables subject to too many constraints. Firstly, we scrutinize the convexity of the feasible set as well as of the objective function, and find that the objective function is a concave function to be maximized, but the constrains do not constitute a convex set. The resultant optimization problem is extremely challenging and there are no efficient methods of solving this nonlinear programming problem. An Exhaustive Search (ES) combined with our discretization method may be feasible, but we find that the search-space is excessive. Fortunately, close observation of the constraints given by Eq. (18) reveals the way forward. That is, how to transform the problem into a convex optimization problem without changing its nature. Based on these findings, next we will discuss three different variable-power regimes.
1) VARIABLE RN POWER, FIXED SN POWER
Let us first consider fixing the transmit powers P 1 and P 2 of the two SNs, assuming that the data rate is
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Based on this, we may rewrite the optimization problem of Eqs. (17) and (18) as:
Again, P 1 and P 2 represent a fixed power, while the variables
Close scrutiny reveals that this is a convex problem, and we attempt to get a closed-form solution. Let us first construct the Lagrangian function as seen in Eq. (27), as shown at the bottom of this page. Since the logarithmic functions in Eq. (25) are convex, so is their sum. Hence Eq. (26) constitutes a convex optimization problem. We form the Lagrangian by exploiting the Karush-Kuhn-Tucker condition in Eq. (27), where υ * and µ * are the Lagrangian multipliers.
Upon differentiating the Lagrangian and setting the resultant derivative to zero, we arrive at:
yielding Eq. (29), as shown at the bottom of this page. Solving Eq. (29) for P r (g 1 , g 2 ) under the relevant power constraint yields the complementary slack condition υ * and the specific power-adaptation policy that maximizes Eq. (26). 1). To obtain υ * , the first step is to let µ * > 0, which yields P r = 0. Then we have
2). Then, upon letting µ * = 0, we have P r > 0, yielding Eq. (31), as shown at the bottom of this page.
3). Finally, the critical value is classified into the first case. Thus we obtain the complementary slack condition υ * . In this case we arrive at the jointly-optimized cutoff fade depth, below which the transmissions are disabled. Then the particular power adaptation policy that maximizes Eq. (26) is
+ . . .
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where Fun (g 1 , g 2 ) is obtained by solving:
which is a quartic function with a single unknown, with a, b, c, d, e is given by Eq. (34), as shown at the bottom of this page.
We can obtain the closed-form solution of Eq. (33) by using the Ferrari-Lodovico's solution published in [22] . However, due to space limitations, we are unable to include the final results here. Suffice to say, that of all the four roots of Eq. (34), P r is the only positive one. 2 Then the maximum normalized throughput satisfying Eq. (26) can be achieved for the parameters g 1 , g 2 , p(g 1 ), p(g 2 ), P 1 , P 2 ,P r , P b1 and P b2 .
2) AN ALTERNATIVE APPROACH
Next we offer another approach of solving the optimization problem of Eq. (26) for practical applications. We determine both the constellation size and transmit power associated with each pair of g i by discretizing the g i -range into a sufficiently large number of rectangular areas. We use finite points for replacing the probability distribution of g 1 and g 2 , while using summation to replace the integration.
First we consider g 1i , i = 1, . . . , G 1 and g 2j , j = 1, . . . , G 2 . Then the constellation size and the transmit power are denoted as M 1ij , M 2ij and P rij , with the powers of P 1 and P 2 being constants. We then rewrite the optimization problem of Eq. (26) as
where
in which p(g 1 ) and p(g 2 ) are given by Eq. (15). The discretized channel gain regions are shown in Fig. 5 . Provided that the number of channel gain regions is sufficiently high, the throughput of Eq. (35) will approach that of Eq. (26). We find that Eq. (35) represents a convex problem. This problem may be readily solved by using CVX, which is a software package conceived for specifying and solving convex programs [23] , [24] .
3) VARIABLE SN POWER, FIXED RN POWER
In the previous section the variable RN-power, variable-rate problem was solved optimally for practical applications. We next search for the variable SN-power. Based on Eqs. (26) and (35), we rewrite the optimization problem of the variable
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SN-power scheme as
Of particular note is that we rewrite the optimization problem of Eq. (37) based on the discretized of the channel of Eq. (35), instead of the orginal problem of Eqs. (17) and (18) . This is because the case of the variable-P 1 , variable-P 2 scheme constitutes a non-convex problem, which is exceedingly difficult to solve based on existing methods. To impose the restriction of P 1 = P 2 results in reducing the degree of freedom, but this assumption can still result in a better performance than the constant-power scheme, thus deserving our investigation.
We find that in this case the first two constraints are nonconvex, hence no efficient solutions have been found for solving this problem. However, if we set the pair of transmit powers to be equal to each other according to P 1ij = P 2ij , then the problem of Eq. (37) becomes a convex one, which can be solved by existing methods. It is generally a compromise for both SNs to transmit at the same power, but this constitutes a practically feasible scheme.
E. VARIABLE SN AND RN POWERS, VARIABLE RATE
In our previous design, we allowed either the SN or RN to perform power-adaptation, while the SN performed rate (constellation size) adaptation. If we remove the fixed-power constraint of either the SN or of the RN, this gives an additional degree of freedom in adaptation that may lead to an improved throughput. However, since the problem of Eq. (26) is nonconcave, and the most difficult scenario is, when M 1 , M 2 , P r , P 1 and P 2 are all variables, there is no way of knowing the integration area. Nonetheless if we impose some constraints to reduce the dimension of the problem, we may get some practical solutions. Thus we present a suboptimal solution, which holds the potential of practical significance. Now we allow all three powers to be time-variant, but we set P 1 = P 2 = P s . In this case, we may formulate the optimization problem based on Eqs. (35) and (37), yielding
where K 1 , K 2 , G(i, j) are the same, as in the previous subsections.
Observe that the problem in Eq. (38) is still a non-convex problem. Fortunately, if either P s or P r is given, the problem becomes convex. Hence we can invoke the previous method of Subsection III D 2). Thus we conceive an alternative search method for solving this optimization problem, which is detailed in Algorithm 1. We refer to this algorithm as the ''Alternative Search Algorithm'' obeying the flow-chart of Fig. 6 .
Since the optimal solution of Steps 2 in Alg. 1 is a feasible solution of Step 3 and vice versa, the algorithm offers a way of approaching the optimal solution of the variable-RN-SN-power scheme after a finite number of iterations in the calculations. In this way, we arrive at the near-optimal rate of our variable-power, variable-rate ANC schemes after a number of interactions relying on Alg. 1.
IV. PRACTICAL CONSIDERATIONS
In this section, we discuss some practical issues that are closely related to the proposed adaptive-rate and 
Algorithm 1 Alternative Search Algorithm

Input:
Fading distribution: else set the P sij =P sij , then go to 2; 6: return R max .
adaptive-power ANC scheme. In practical applications, the constellation sizes M 1 and M 2 represent finite-order modulation schemes. Then the constellation size should be restricted to {0, 2, 4, 8, 16, . . .}. Hence we conceive a constellation discretization method for practical applications, which is detailed in Algorithm 2 .
Another consideration is that in our previous design, we assumed that the feedback path does not introduce any errors, which is a reasonable assumption, if sufficiently strong error correction and detection codes are used on the feedback path and the packets associated with detection errors are retransmitted. Nonetheless, in practice the adaptive strategy has to take into account the effects of feedback errors and delay, which is set aside for our future work.
V. PERFORMANCE EVALUATION
To evaluate the performance of the proposed rate-and poweradaptation schemes, we investigate them in the same simulation environment. We first characterize the performance trends of fixed-power ANC-QAM/PSK in Figs. 7 and 8 for transmission over Rayleigh fading channels. We then analyze the set of variable-power schemes in Figs. 9 and 10, while in Figs. 11 and 12 we investigate our rate-discretization schemes. Before delving into our performance analysis, we would like to present our parameter settings. 
-Constant powerP 1 =P 2 =P r = {1, 3, 5, 7, 10, 30, 50, 70, 100, 300, 500, 700, 1000} mW; -Discrete g 1 and g 2 : Let N 1 = 30, N 2 = 30; -ANC Modulation Scheme: ANC-QAM and ANC-PSK; -BER Constraint: we set a target BER of 10 −3 ; -Range of SNR fluctuations: we restrict the nearinstantaneous SNR fluctuations to a dynamic range, which was set to be 10 times the average SNR 3 ;
• Figure 7 • Figure 9 function of the BERs. Furthermore, we characterize the fixedpower, discrete-rate ANC-QAM/PSK scheme of Eq. (22) in Figs. 7 and 8, in conjunction with 4, 5, 6, 7 regions. 4 Gap 2 in Figs. 7 and 8 is related to the modulation modes of Table 1 . Of particular note is that in Figs. 7 and 8 , the discrete-rate QAM scheme outperforms PSK for SNRs above 17dB, while the PSK schemes outperform QAM at low SNRs in terms of their throughput. The performance of the variable-power, constant-rate ANC-QAM/PSK schemes is characterized in Figs. 9 and 10. A Rayleigh-fading channel is used, where the curves represent the ''Var.-P r -Power, Con.-Rate scheme'', the ''Fixed-all-Power, Con.-Rate scheme'' and the ''Fixed-allPower Discretization scheme''. As shown in these figures, the variable-power designs offer a better performance than the fixed-power regimes, with an SNR gain of 0.5-1.2dB for the current simulation parameters. The bottom curves characterize the performance of the continuous-rate-discretization technique of Algs. 1 and 2, which provides a practical solution. 4 4 regions correspond to the constellation size (discrete rate) of M i ∈ {0, 2, 4, 8}, and so similar partitioning for 5, 6, 7 regions. It is expected that the throughput can be further increased, if we can make both the RN-power and SN-power timevariant. We therefore characterize the ''Var.-P 1 = P 2 -Power, Con.-Rate scheme'', the''Var.-P r -Power, Con. Rate scheme'', the ''Var.-P r -Power, Dis.-Rate scheme'' and the ''Var.-P s -P r -Powers, Con.-Rate scheme'' in Figs. 11 and 12. For comparison we also included the curves of Figs. 9 and 10. We can observe that first of all, the alternative search algorithm invoked for the Var.-P s -P r powers outperforms the other three power adaptation schemes. Explicitly, it surpasses the fixedpower scheme by 0.8-2dB at low SNRs.
Our design does not rely on real-time calculations. Its advantage is that the proposed problem can be efficiently optimized within a polynominal time. Thus we can construct lookup tables for dealing with diverse channel conditions and constraints.
VI. CONCLUSIONS
In this paper, we have proposed rate-and power-adaptation schemes for AF-TWR relying on ANC. It was shown that power-adaptation has some modest benefits for ANC in terms of increasing the transmission rate. By formulating the relationship amongst the BER, transmit power and constellation size, we derived joint rate-and power-adaptation schemes based on convex optimization, while satisfying both the average power and BER constraints. Both the SN-power and RN-power was varied. Our simulation results indicate that our proposed ANC-QAM/PSK schemes attain throughput improvements over the fixed-power schemes, especially at low SNRs. This demonstrates that the proposed scheme is beneficial for AF-TWR networks. As to future research, it is possible to combine our adaptive ANC with existing channel coding schemes, such as Trellis-coded Modulation (TCM) and Turbo-codes. Another possible extension of this work is to develop and analyze Automatic Repeat reQuest (ARQ) based designs.
